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I. INTRODUCTION 

Our aim in this chapter is to incorporate the full range of time scales present 
in the system-bath interaction into the calculation of electron transfer rate 
kernels in a systematic way so that artificial distinctions between “fast” and 
“slow” variables can be avoided and the effect of temperature included in a 
natural way. The strengths of coupling and time-scale information is con- 
tained in a quantity we call the spectral density (i,e., the spectrum of fre- 
quencies present in the medium weighted by their influence on the 
observable of interest). In large measure through the work of Multamel 
[ 11, the interrelations between various nonlinear optical spectroscopies are 
clarified and several techniques have been developed to obtain the spectral 
density for the optical transition frequency directly from experiment [2-81. 
Both fluorescence Stokes shift and various types of photon echo spectro- 
scopy have been brought to bear on this problem, as described in Section IT, 
and for purposes of calculation in this article we use the optical transition 
frequency spectral density (also referred to as the spectroscopic spectral 
density) obtained by three-pulse echo peak shift studies of the dye IR144 
in acetonitrile [ 5 ] .  

For such a solvation spectral density to be useful it must be transferable 
at least between situations in which the system-bath interaction is of the 
same general type [e.g., dominated by polar (Coulombic) effects]. In Section 
111 we describe an approach to factoring the spectral density which allows us 
to obtain just such a transferable quantity, which we refer to as the bare 
solvent spectral density. In Sections IV and V, using the spectral density 
obtained via spectroscopic measurements, we present the procedure to cal- 
culate the electron transfer rate kernels of two- and three-state systems. 

11. NONLINEAR SPECTROSCOPY AND SPECTRAL DENSITY 

The dynamical aspects of the solvent degrees of freedom can be efficiently 
captured by the effective harmonic oscillator model in which the bath is 
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assumed to be a collection of uncoupled harmonic oscillators [9-141. There 
have been numerous attempts to formulate the nonlinear response functions 
containing information on the system-bath interaction in a nontrivial fash- 
ion [l]. As shown later, it is useful to recapitulate how to derive the corre- 
sponding response functions with a simple bath model (e.g., bosonic bath). 
Here we consider a chromophore with two electronic states and coupled to 
the bosonic bath linearly, that is, 

H =  [" '1 - ' ; ]E( r , t )  
0 Ee P e g  

where cg and E, are the electronic energies of the ground and excited states, 
respectively. Invoking the electric dipole approximation and treating the 
external electric field classically, the field-chromophore interaction Hamil- 
tonian is given by the second term in Eq. (2.1). peg is the dipole matrix 
element. It will be assumed that the system is initially in the equilibrium 
state on the potential energy surface of the ground state. The nuclear Hamil- 
tonian associated with the excited state consists of a set of displaced har- 
monic oscillators whose displacements are assumed to be c,/m,w:. Here c, 
denotes the coupling constant representing the strength of the interaction 
between the two-state chromophore and the ath harmonic model. 

In particular, Mukamel and co-workers [ 11 developed the multimode 
Brownian oscillator picture to effectively model the system-bath interaction, 
where a few optically active harmonic oscillators are linearly coupled to a 
continuously distributed optically inactive harmonic modes. As proven in 
the Appendix, this model is essentially identical to the effective harmonic 
oscillator bath given in Eq. (2.1). One can understand this equality as fol- 
lows. Since the optically active harmonic modes are coupled to the optically 
inactive modes, after performing the normal-mode transformation to find a 
new set of harmonic oscillators, one finds that the normal modes are now all 
optically active by sharing the oscillator strength in a way determined by the 
normal-mode-transformation eigenvector matrix elements. Therefore, 
despite the simplicity of the model Hamiltonian in Eq. (2.1), we find that 
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a variety of spectroscopic phenomena arising from the system-bath inter- 
action can be investigated by studying Eq. (2.1) in detail. 

A. General Aspects of System-Bath Interaction: Fluorescence Stokes Shift 
and Solvation Dynamics 

The time-dependent fluorescence Stokes shift [ 151 can be formulated directly 
from the model Hamiltonian, Eq. (2.1). First, we summarize some general 
background on fluctuation and relaxation in condensed phases. As a spec- 
troscopic example of nonequilibrium relaxation phenomena, we describe the 
time-dependent fluorescence Stokes shift. We first assume that an impulsive 
perturbation by the external field induces a sudden electronic transition 
from the ground to excited states so that the solute charge distribution is 
changed in a stepwise fashion. Since initially the bath degrees of freedom are 
in equilibrium with the electronic ground-state charge distribution, the 
delta-function-approximated external field interaction produces a nonequi- 
librium state on the potential energy surface of the excited state. Then the 
nonequilibrium energy difference relaxes to a new equilibrium state, and this 
relaxation can be monitored by measuring the time-dependent fluorescence 
Stokes shift (FSS) function, 

aE(t) - aE(x) 
AE(0)  - aE(oo) S ( t )  =- 

where the nonequilibrium energy difference between the excited and ground 
states, =( t ) ,  can be measured experimentally from the central frequency of 
the time-dependent fluorescence spectra [ 16,171. The FSS function defined 
above reflects the relaxation of the nonequilibrium state; therefore, one can 
infer that it can be related to the fluctuation correlation function of the 
equilibrium state. The energy difference operator AE can be divided into 
the fluctuating and mean value components, that is, 

A E ( t )  = ( A E )  + 6Vss(t) (2.3) 

By using linear response theory, the nonequilibrium quantity u ( t )  can be 
expressed as an integral over the response function, G ( t ) ,  so that the FSS 
function can be rewritten as 

d r  G ( r )  

1; dr  G ( r )  
S ( t )  = 
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with 

Here the response function was defined as the mean value of the commu- 
tator of the Heisenberg operator 6VsB(t). Thus the calculation of the FSS 
function is reduced to the calculation of the linear response function of the 
system-bath coupling potential. It turns out that it is very useful to define 
the spectral density as 

where G ( w )  is the Fourier-Laplace transform [ 181 

oc 

G(w) = lo dwe'"'G(t) 

Depending on the composite system one is interested in, the spectral density 
defined above describes the optical broadening or the contribution of the 
system-bath interaction to the electron transfer rate. 

We now use the model Hamiltonian given in Eq. (2.1) to find that 

Note that the fluctuating coupling potential is just a linear combination of 
the bath oscillator coordinates with ccu, the a t h  expansion coefficients. By 
inserting 6VsB(t) = C,  c,q,(t) into the definition of the response function 
and defining the spectral density ps(w) as 

the FSS function can be expressed in terms of the spectroscopic spectral 
density, 
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where the normalization constant As is known as the solvation reorganiza- 
tion energy, defined as 

(2.10) 

In ps(w) and As, the subscript S emphasizes the fact that this spectral 
density and the solvation reorganization energy are associated with the 
spectroscopic phenomena described by the Hamiltonian equation (2.1). 
Later we introduce another spectral density associated with electron transfer 
processes in a common solvent. As shown in the following, this spectral 
density plays a central role in determining the dephasing and spectral diffu- 
sion processes in a variety of linear and nonlinear spectroscopies. 

It should be mentioned that even though there are numerous ways to 
define the spectral density that give different functional forms for the reor- 
ganization energy and the FSS function, we find that Eq. (2.6) for the 
definition of the spectral density is most useful conceptually. That is because 
one can provide the following interpretations: (1) the solvation reorganiza- 
tion energy is identical to the first moment of the spectral density, ps(w),  and 
(2) the one-sided cosine transformation of wps(w) gives the time dependence 
of the FSS function. Then the average energy difference, ( A E ) ,  can be 
rewritten as E, - cg + As. 

The experimental determination of the time-dependent FSS function can 
be a direct method to obtain the spectral density ps(d).  A practical lirnita- 
tion here is that the time resolution of the fluorescence up-conversion tech- 
nique [16,17] is typically limited to 30-40 fs and even though ca. 100-fs 
components in S( t )  can readily be detected, it is difficult to obtain their 
functional form accurately with the spectral reconstruction technique 
employed to obtain S(t)  from the experimental data. Other techniques gen- 
erally based on photon echo measurements possess substantially higher time 
resolution [4,15,19]. As mentioned in Section I, the spectral density, ps(w),  
can be approximately transformed into that associated with the electron 
transfer process in the same polar liquid. This is discussed in Section 111. 

There exist several other methods that can provide the spectral density. 
The solvation dynamics of a dye molecule in polar liquids can be studied by 
using classical molecular dynamics simulations by calculating S(  t )  or the 
classical correlation function of the solvation energy fluctuation (note that 
the two contain the same information in the classical limit, that is, when 
phw, << 1 for all w',) [20-231. Then taking the frequency transformation of 
the solvation correlation function, one can obtain the spectral density. This 
procedure was used by Chandler and co-workers [14a] to evaluate the 
stationary-phase-approximated electron transfer rate constant. Theoretical 
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studies based on the hydrodynamic approach to calculate the wavevector- 
and frequency-dependent dielectric function have been presented by numer- 
ous workers [24-261. Instead of reviewing those works, we merely refer to 
their papers, since it is our primary goal to provide a systematic procedure 
to study electron transfer reaction in condensed phases based on spectro- 
scopic measurements instead of other approaches mentioned above. 

B. Nonlinear Response Functions and Spectral Density 

In Section 1I.A the time-dependent fluorescence Stokes shift was described 
in terms of the spectral density defined in Eq. (2.8) when the optical spectro- 
scopy in condensed phases is completely described by the model Hamilto- 
nian equation (2.1). In this subsection. four-wave mixing (third-order) 
spectroscopy is discussed in terms of the spectral density defined in Eq. 
(2.8). Although the principal result, calculation of the nonlinear response 
functions for four-wave mixing spectroscopy, was presented previously and 
studied quite extensively [l], we believe that it is useful to summarize those 
results in this paper since the same procedure can be used for studying 
electron transfer reactions involving two or three states in condensed phases. 
As shown later, the two problems, optical spectroscopy of a two-state chro- 
mophore and electron transfer of a two-state system in condensed phases, 
are almost identical, except that the former involves a time-dependent per- 
turbation, whereas the latter involves a time-independent coupling Hamil- 
tonian. There is a distinct difference in the quantities to be measured. The 
former focuses on first- or third-order processes with respect to the system- 
field interaction to create a nonlinear electronic coherence state, which in 
turn produces the macroscopic polarization acting as a source in Maxwell's 
equations. On the other hand, for electron transfer we must consider even- 
order processes with respect to the nonadiabatic coupling matrix element, in 
order to calculate the time evolution of the populations of the two states. 
However the intermediate steps in investigating these two problems 
involve identical procedures. which is why we feel that it is helpful to 
recapitulate the formal derivation of the nonlinear response function 
associated with four-wave mixing spectroscopy, based on the Hamiltonian 
equation (2.1). 

It turns out that it is useful to transform the Hamiltonian by using the 
unitary transformation operator, 

0 

maw: 

u = e x p { i  -CP. a [," L]} (2.11) 
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Then the transformed Hamiltonian is given by 

1 h = UHU- = ho + w(r, t )  

where 

with 

ho = h, + h b  

(2.12) 

(2.13) 

E ( r ,  t )  = -dE(r, t )  (2.14) 
p e g  ex~( - t f )  

0 
u(r, t )  = - 

Here the operator f is defined as 

(2.15) 

and the dressed electric transition dipole operator d was naturally defined in 
Eq. (2.14). In comparison to the original Hamiltonian given in Eq. (2. l), the 
transformed Hamiltonian does not contain the linear system-bath coupling 
term, that is, the last term in Eq. (2.1). Instead, the field-system interaction 
term is dressed by the bath harmonic oscillators. Hereafter the field-system 
interaction Hamiltonian, w(r, t ) ,  will be treated as a perturbational Hamil- 
tonian. It seems to be necessary to add and subtract the thermal average of 
u(r, t )  from the total Hamiltonian to optimize the perturbational approach 
[lo]. However, for a typical polar liquid with a typical chromophore, the 
system-bath interaction, whose magnitude is, roughly speaking, propor- 
tional to the fluorescence Stokes shift, is usually strong enough to ignore 
the thermal average of v(r. t ) .  

Using the Hamiltonian in Eq. (2.12), we shall now calculate the third- 
order polarization that generates the signal field. To calculate the optical 
polarization, it is necessary to solve the quantum Liouville equation pertur- 
batively 

(2.16) 
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For the sake of notational simplicity, the Liouvillian operators are defined 
for an arbitrary operator A as 

LoA = [ho:A] 

LIA = IS, A] 

L,A = [u(r; t ) ;  A ]  = -LIAE(r ,  t )  (2.17) 

Then the time-dependent density operator can be expanded in powers of the 
system-bath interaction Hamiltonian as 

(2.18) 
n=O 

where the nth-order term can be obtained by using the standard time-depen- 
dent perturbation theory, 

where p( to )  is the initial canonical, equilibrium, density operator, given by 

(2.20) 

The four-wave mixing spectroscopies are described completely by the 
third-order density operator, which can be obtained by inserting L,(7;) 
into Eq. (2.19): 

The third-order polarization can be expressed as 

P(3)(r: t )  = Tr[fip(3)(r, t ) ]  (2.22) 
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where the electric dipole operator ,ij is defined as 

(2.23) 

Inserting the appropriate Liouville operators into Eq. (2.21) and fully 
expanding the commutators, we find that the third-order polarization can 
be written as 

l'(3)(r, t )  = T ~ [ f i p ( ~ ) ( r ,  t ) ]  

x E(r, 73)E(r172)E(r, 71) 

where the following interaction representations were used: 

(2.24) 

1 

Since the integrand involves three commutators, the nonlinear response 
function consists of eight terms. As discussed by Mukamel [l], four terms 
among them are the Hermitian conjugates of the other four terms, so that 
calculation of four nonlinear response functions is sufficient to calculate the 
third-order nonlinear polarization in Eq. (2.24). Changing the integration 
variables to 

f l  = 7 2  - T~ 

t 2  = I-3 - T2 

t3 = t - r3 
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and inserting Eq. (2.25) into (2.24) and using Baker-Hausdorff operator 
identity repeatedly, one can rewrite the third-order polarization as 

x E(r ,  t - t3 - t2)E(r: t - t3 - t2 - t l )  (2.26) 

where the nonlinear response function is given by 

with 

Here the average absorption frequency Weg is equal to (E, - E~ + X s ) / k .  The 
lineshape function g(t) is fully determined by the spectral density ps(w) via 

g(t) = -iX,t/h + P ( t )  + iQ( t )  (2.29) 

where 



322 MINHAENG CHO AND GRAHAM R. FLEMING 

Note that once the spectral density ps(w) is completely known, the linear 
and nonlinear spectroscopic signals can be calculated in principle. 

Once the nonlinear response function is known from complete knowledge 
of the spectroscopic spectral density, any four-wave mixing spectroscopy of 
a two-state system can be predicted: for example, spontaneous and stimu- 
lated fluorescence signals, transient grating signals, photon echoes, and so 
on. In practice, experimental studies utilizing those nonlinear spectroscopic 
techniques aim at extraction of informhtion on the spectral density. How- 
ever, because the nonlinear response function given above depends on the 
spectral density in a highly complicated fashion, there does not exist any 
direct experimental method that is capable of providing unique, unbiased 
information on the spectroscopic spectral density. This is the major obstacle 
in interpreting the nonlinear spectroscopic signal. Still the time-dependent 
fluorescence Stokes shift measurement is clearly one of the most useful tech- 
niques for probing the system-bath-interaction-induced relaxation process 
in condensed phases. There are a few limitations of fluorescence Stokes shift 
experiments in comparison to other nonlinear spectroscopic techniques, 
such as the photon echo peak shift measurement [2,4-6,151, which we con- 
sider next. 

C .  Photon Echoes, Solvation Dynamics, and Spectral Density 

Although the functional form of the nonlinear response function may look 
formidable, the third-order polarization in Eq. (2.26) can be greatly simpli- 
fied by using a controllable external field configuration to probe interesting 
aspects of the system-bath interaction selectively. For instance, photon echo 
spectroscopy has been known as an excellent tool to measure the homoge- 
neous contribution to optical line broadening. This statement is valid when 
the slow degrees of freedom are sufficiently sluggish so that they can be 
treated as static in essence. For instance, the distributed impurities in a 
glassy material give a distribution of the local structures around the chro- 
mophores, which is virtually static in nature, whereas the localized phonons 
can be considered as quickly fluctuating dynamical degrees of freedom [27]. 
The fluctuation of the latter degrees of freedom is therefore responsible for 
what is known as the homogeneous dephasing pvocess. Unlike the glassy 
material, liquids do not have such a time-scale separation among the bath 
degrees of freedom, which is the primary reason why the conventional 
photon echo cannot be used to investigate the dynamical aspect of the 
liquids inducing line broadening. A few attempts to modify the conventional 
photon echo measurements have been presented. The echo signal is usually 
measured by integrating the echo intensity. Therefore, if there is no large 
static inhomogeneity, the integrated echo is, unfortunately, complicated 
by the undesirable additional integration process. To overcome this 



ELECTRON TRANSFER AND SOLVENT DYKAMICS 323 

complication, Wiersma and co-workers [8] and Scherer and co-workers 
[7] applied an additional gate pulse to probe the echo field amplitude 
in time, thus to measure the echo intensity with a time resolution. In 
parallel with this type of echo experiment, Fleming and co-workers 
[2,5,6,19] and Cho et al. [15] showed, both experimentally and theor- 
etically, that the echo peak shift as a function of the delay between the 
second and third pulses in the three-pulse photon echo experiment is a 
rich source of information on the solvation dynamics. Next, a theor- 
etical description of how the integrated three-pulse photon echo can be 
used to probe the system-bath interaction represented by the spectral 
density is presented. 

When the slowly varying amplitude approximation is invoked, the 
photon echo signal is proportional to the square of the third-order polariza- 
tion, which in turn acts as a source term generating an electric field from the 
macroscopic sample. Since what is measured is the macroscopic polarization 
instead of the microscopic (single molecular) polarization, the ensemble 
average must be taken to give the phase-matching condition. When one 
introduces a sequence of the three pulses and assumes that the time profiles 
of the three pulses are all close to delta functions, the expression for the 
three-pulse photon echo signal can be simplified to the form [15] 

(2.31) 

where P ( t )  and Q(t) were defined in Eq. (2.30) and the static inhomogeneous 
contribution, if there is one, is represented by the Gaussian function; 

(2.32) 

Suppose that the inhomogeneous width is very large (i.e., Alnh is large); then 
the inhomogeneous function I (  t - T )  approaches a delta function [when the 
normalization constant is assumed to be properly multiplied to Eq. (2.32)]. 
Then the echo signal will peak at t = 7 .  This is the case when the conven- 
tional photon echo measurements can be used directly to eliminate the 
inhomogeneous contribution to the optical line broadening. However, as 
discussed before, there are few cases when this condition is met, so it is 
necessary to perform the integral in Eq. (2.31) to describe the three-pulse 
echo process completely. 



324 MINHAENG CHO AND GRAHAM R. FLEMING 

Although the integrand involves highly complicated functions, since the 
time period during t is associated with the optical coherence period, the half- 
side integral in Eq. (2.31) can be carried out by expanding the integrand for 
short time t to find 

x [ 1 + erf (2$&)] 

where 

Here the two auxiliary functions are defined as 

(2 .33)  

(2.34) 

(2.35) 

The bar in u2 coth(Bhw’/2) means that the average over the spectral density 
is taken, i.e. 

w2 ~0th(4hw/2) = dww2 coth(Bhw/2)ps(w) (2.36) .I 
which corresponds to the mean-square fluctuation amplitude. 

Figure 1 shows a series of three-pulse photon echo signals for different 
values of the population period, T, for IR144 in acetonitrile. The two signals 
shown correspond to the two time-reversed echo signals measured in the 
directions kl - k2 + k3 and -kl + k2 + k3 .  We define the peak shift .T*(T) 
as half the distance between the two maxima. -r*(T) can be determined very 
accurately (~ t300  as) and clearly decreases as T increases. As we have dis- 
cussed in detail elsewhere [15], P ( T )  reflects the ability of the system to be 
rephased after the period T .  Figure 2 shows P ( T )  plotted versus T for two 
systems: IR144 in acetonitrile [5] and the same dye in a polymer glass 
PMMA at room temperature [6]. The initial portions of the curves are 
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7 (fs) 

Figure 1. Series of three-pulse photon echo signals for different values of the population period 
T for IR144 in acetonitrile. The two curves correspond to the echo signals measured in the 
directions of k ,  - k2 + k3 and -kl 4 kz + k3. 

strikingly similar, but after about 200 fs, the data in PMMA become effec- 
tively constant, reflecting the static inhomogeneous distribution. By con- 
trast, in the fluid solution, the peak shift continues to decay to a final 
value of zero. 

In the cases of no and large inhomogeneous broadening limits, the tradi- 
tional interpretation of the echo signal holds. However, when the inhomo- 
geneous width is comparable to the root mean square of the fluctuation 
amplitude, the interpretation of the simple two pulse echo measurements 
is ambiguous. In this case, an approximate expression for the echo peak shift 
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Figure 2. Three-pulse photon echo peak shift T * (  T )  versus log(popu1ation period, T) .  Circles, 
measured peak shift of IR144 in a polymer glass PMMA; triangles, data of IR44 in acetonitrile. 

can be obtained by expanding Eq. (2.33) for short time r and finding the 
maximum of the echo signal, and then the echo peak shift as a function of 
the second delay time T is 

The asymptotic value of the echo peak shift is 

where y = 2Xsk,T/h2. Although Eq. (2.37) does not fit the initial decaying 
part of the echo peak shift very well, it describes the longer time portion 
quantitatively. In particular, when the delay time is longer than the solva- 
tion correlation time, one can ignore the contribution from f ( T )  in Eq. 
(2.37), so that the echo peak shift is found to be directly proportional to 
the fluorescence Stokes shift function or solvation correlation function, 
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S ( T ) .  This is why the echo peak shift measurements can be used directly to 
investigate the solvation dynamics and in turn to obtain the spectroscopic 
spectral density by frequency Fourier transform. Furthermore, as can be 
seen from the asymptotic value of the echo peak shift, if there is no inho- 
mogeneity (i.e,, Alnh = 0), the asymptotic value vanishes. Conversely, the 
observation of the finite asymptotic echo peak shift suggests that there is a 
finite inhomogeneous, truly static contribution to the optical broadening. 
This prediction has been tested experimentally. The data in Figure 2 confirm 
this directly. (For liquids such as ethanol, the echo peak shift decays to zero, 
whereas the echo peak shift of IR144 in a glassy material, PMMA, does not 
approach zero at long time T.)  

By combining the information on the fluorescence Stokes shift magnitude 
obtained from the stationary absorption and fluorescence Stokes shift with 
the time dependence of the echo peak shift (i.e., approximately equal to the 
solvation correlation function) one can construct the spectroscopic spectral 
density. This will be used to calculate the electron transfer rate kernel in the 
same solvent. 

111. SOLVENT (BARE) SPECTRAL DENSITY 

The spectroscopic spectral density containing information on the chromo- 
phore-bath interaction can be measured by using the spectroscopic methods 
described above. Unfortunately, the spectroscopic spectral density ps(w)  
cannot be used directly to calculate the electron transfer rate constant, 
because the electron transfer system-bath interaction may well be very dif- 
ferent from the chromophore-bath interaction. For this reason, computer 
simulation studies have been used to calculate the corresponding spectral 
density for a composite system involving the electron transfer pair dissolved 
in a condensed medium [14]. The solvation energy correlation function in 
the classical limit is calculated, and using the fluctuation-dissipation theo- 
rem connecting the classical correlation function and response function, the 
electron transfer spectral density is obtained by using Eq. (2.9), where the 
spectroscopic spectral density is replaced with the electron transfer spectral 
density. Then the spectral density so obtained is put into the formal expres- 
sion for the electron transfer rate constant (see Sec. IV). Experimental ver- 
ification of the validity of the spectral density calculated from the computer 
simulation, however, has not been provided so far. In this section we 
develop a consistent procedure to extract the net solvent spectral density 
normalized by the solute-dependent part of the total spectral density. This 
solvent (bare) spectral density can then be used to study other processes, as 
long as they are completely specified by the appropriate spectral density. To 
establish this connection between the spectroscopic spectral density, ps(w),  
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and the electron transfer spectral density, p E T ( w ) ,  it is necessary to assume 
that the interaction between the system (either a chromophore or an electron 
transfer pair) and the bath is governed primarily by the electrostatic inter- 
actions. This assumption is acceptable when a polar solute or an electron 
transfer pair is dissolved in polar liquids. In this section we start with a 
discussion on the factorization of the spectroscopic spectral density into 
solute- and solvent-dependent parts, where the latter quantity will be used 
to construct the electron transfer spectral density. 

A. Fluorescence Stokes Shift Magnitude 

For a solute whose charge distributions of the ground and excited states are 
given arbitrarily, the electrostatic interaction energies between the solute 
and the solvent are given by 

U,(t) = - drP(r, t )  . Eg(r) s 
ue(t) = - drP(r, t )  E,(r) .I 

where P(r. t )  is the polarization operator for the solvent, the contribution 
from the nuclear (orientational) degrees of freedom. Here the contribution 
from the electronic degrees of freedom of the solvent is not considered, since 
they can effectively be included in the average energy difference between the 
two states. Eg(r) and E,(r) denote the electric fields arising from the solute 
molecule in the ground and excited states in the absence of the solvent. 

When the charge distribution of a chromophore is described accurately 
by a permanent dipole, the fluorescence Stokes shift magnitude has been 
shown to be a useful tool for measuring the difference of the permanent 
dipole moments of the electronic ground and excited states of the solute. For 
instance, by using Onsager’s reaction field method, Ooshika [28] and McRae 
[29] showed that the fluorescence Stokes shift magnitude, which is twice the 
solvation reorganization energy, can be estimated from the dielectric con- 
stant of the solvent medium, 

where a is the effective Onsager radius of the solute and c0 and E, denote 
the zero- and high-frequency limits of the dielectric function E(J). pg and pe 
denote the ground- and excited-state dipole moments. Here it is assumed 
that the solute is represented by a point dipole at the center of a spherical 
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cavity of radius a and the solvent is modeled by a dielectric continuum 
whose dielectric properties are described completely by ~(w). To describe 
the time-dependent fluorescence Stokes shift, Mazurenko and Bakshiev [30], 
Bagchi et al. [31] and van der Zwan and Hynes [32] extended Onsager’s 
cavity model and showed that the frequency-dependent dielectric function 
can be used directly to obtain the FSS function. Instead of a macroscopic 
approach such as Onsager’s cavity model, Loring et al. [33] presented a 
microscopic description of the fluorescence Stokes shift in terms of the wave- 
vector and frequency-dependent dielectric function, and they found that 

when the continuum limit is taken. Here r is the effective solute radius given 
as a function of the integrated intensity of the difference electric fields of the 
ground- and excited-state charge distributions. 

In any case, the fluorescence Stokes shift magnitude consists of two parts, 
the solute-dependent part and the bath-dependent part. The former is pro- 
portional to ( l /a3)1pL,  - pgI2 in case of the Onsager’s cavity model, or 
(1 / r 3 )  lpe - pgi2 in the microscopic model. The remaining part of the expres- 
sions for the Stokes shift magnitude is associated with the macroscopic (or 
microscopic) properties of the solvent system. This leads us to propose an 
approximate procedure to factorize the spectral density, which represents 
the dynamical time-scale distribution of the bath degrees of freedom as well 
as the strength of the system-bath interaction, into the purely solute- and 
bath-dependent parts. 

B. Factorization of the Spectral Density 

From the definition of the system-bath interaction energy operators in Eq. 
(3.1), the fluctuating energy difference operator SV,, is given by 

6Vss(t) = U, - U, - (U ,  - U,) = - drSP(r, t )  . [E,(r) - Eg(r)] (3.4) J’ 
where the fluctuating solvent polarization operator in the Heisenberg repre- 
sentation is 

SP(r. t )  = P(r, t )  - (P(r, t ) )  ( 3 . 5 )  

Inserting the fluctuating energy difference operator in Eq. (3.4) into the 
definition of the response function, Eq. (2.5), gives 

G ( t )  = ( 2 ~ ) ~ ~  J’dkiE,(k) - E,(k)i2G,,(k. t )  (3.6) 
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Here the response function of the fluctuating solvent polarization is defined 
as 

G,,(k,t) f dreik"([SP(r,O) .k.SP(O:t) 'k]) J' (3.7) 

Since the electric field created by a charge distribution with a finite extent is 
longitudinal, only the longitudinal component of the solvent polarization is 
considered. 

From the definition of the spectral density in Eq. (2.6), when the fluctu- 
ating energy difference operator is given as Eq. (3.4), the spectroscopic 
spectral density is 

where GPp(k. w) is the Fourier-Laplace transform of the polarization 
response function. One can show that the spectral density defined above 
can be related to the wavevector- and frequency-dependent longitudinal 
dielectric function by using linear response theory. Then the polarization 
response function is equal to (47r)-'(E(k. x)-' - E(k, w)-') [26]. Further- 
more, the relationship between the k- and w-dependent dielectric function 
and the correlation function of the longitudinal polarization can be used to 
obtain E(k, w) from computer simulation studies. We shall not, however, 
pursue this procedure further in this review; instead, we will be content to 
use Eq. (3.8) to construct a bridge between the two spectral densities, ps(w) 

To establish this connection, the polarization response function is Taylor 
and PET(W). 

expanded as 

Thus the spectral density defined above can be rewritten by a series summa- 
tion over the infinite Taylor expanded terms. For the sake of simplicity, we 
take only the first term in Eq. (3.9); that is, we assume that the k- and w- 
dependent polarization response function is a very slowly varying function 
with respect to k is comparison to the intensity of the difference electric field 
term. This amounts to the continuum limit. 

(3.10) 
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Within this approximation, the spectroscopic spectral density can be written 
in a completely factorized form, 

where 

rS = ( 2 ~ ) - ~  dklE,(k) - Eg(k)I2 J 
Im[Gpp(k = 0: u)] 

.(W) = 
2Th2W2 

(3.12) 

Note that the factor rs is determined purely by the solute charge distribu- 
tion and not a function of the solvent degrees of freedom, whereas the 
spectra part, a(R),  represents the dynamics of the solvent degrees of free- 
dom only. From the definitions of the spectral density, Eq. (3.1 l) ,  the solva- 
tion reorganization energy representing the strength of the chromophore- 
bath interaction is given as 

As = - rs Jx d~Irn[G,,(O,w)]/w 
27lh 0 

(3.13) 

that is, half of the fluorescence Stokes shift magnitude. In case of the high- 
temperature (classical) limit, the response function in the time domain, 
Gpp(k. t ) ,  is proportional to the time derivative of the classical correlation 
function of the solvent polarization [34]. Then using the classical fluctua- 
tion-dissipation relationship, one can obtain Eq. (3.3) from Eq. (3.13). Now 
it should be clear how from the spectroscopic spectral density one can 
extract the solvent (bare) spectral density that can be transferable from 
one experiment to another or to electron transfer process in the same 
solvent. 

It is worthwhile emphasizing what types of approximations were used to 
factor a given spectral density into its solute and solvent parts as in Eq. 
(3.11). They are: (1) the electrostatic interaction given by Eq. (3.1) is domi- 
nant in the system-bath interaction, and (2) since the continuum limit was 
taken, the local structure of the solvent is ignored. However, a systematic 
improvement over the second approximation can be made by including 
higher-order Taylor expansion terms in Eq. (3.9). The consequence of the 
result in Eq. (3.11) is that the frequency distribution, without overall ampli- 
tudes, of the spectroscopic spectral density is universal as long as the two 
assumptions mentioned above are acceptable. 
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In practice, what should be calculated, assuming that the spectroscopic 
spectral density is known, is the charge distributions of the ground and 
excited states of the chromophore used in the experiment. One can use a 
semiempirical method to carry out this calculation or assume that the two 
states are well represented by permanent dipoles estimated from other types 
of experiments. Then it should be straightforward to calculate the scaling 
factor and to obtain the solvent spectral density, .(W). 

C. Electron Transfer Spectral Density 

We next turn to the electron transfer process in the same solvent system. 
Instead of the charge distributions of the electronic ground and excited 
states, it is now necessary to consider the donor and acceptor states. We 
assume that the donor (acceptor) state has the transferring electron localized 
at the donor (acceptor) site. By denoting the two electric fields as E,(r) and 
EA (r),  the corresponding scaling factor specifying the ET system is defined 
as 

(3.14) 

The electron transfer spectral density is 

where the solvent (bare) spectral density O ( W )  was obtained from the spec- 
troscopic measurements of the spectroscopic spectral density. 

In this section we showed how the spectroscopic spectral density can be 
transformed into that associated with the electron transfer processes. Appli- 
cations of this ET spectral density Eq. (3.15), are given in the following 
sections. 

Before we close this section it is necessary to discuss the contribution 
from the high-frequency intramolecular vibrational modes to electron trans- 
fer processes. Although the bare solvent spectral density g(w)  contains infor- 
mation on the dynamical aspects of solvent only, it is a straightforward 
procedure to include the intramolecular mode contribution to the electron 
transfer spectral density. Once the reorganization energies and frequencies 
of the relevant intramolecular modes are estimated, one can add them to 
pET (w) . The remaining procedure to calculate the electron transfer rate 
kernel is identical, regardless of the inclusion of the intramolecular 
modes. 
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IV. TWO-SITE ELECTRON TRANSFER 

Electron transfer in condensed phases has been modeled by the spin-boson 
model, whose Hamiltonian is given by 

I 0 )1 

where the electron exchange matrix element is denoted as A. E~ and are 
the energies of the donor and acceptor states, respectively. Note that bath 
harmonic oscillators are displaced as the electron transits from the donor to 
acceptor states. This model Hamiltonian has also been found to be extre- 
mely useful in studying the role of the dissipative bath in the tunneling 
process at the low temperature [9,10]. Since there exists a vast amount of 
literature on this model Hamiltonian, we shall not attempt to redrive or 
present a complete summary of the well-known results. Instead, we present a 
numerical comparison between the two reduced equation-of-motion 
approaches, the partial ordering prescription (POP) and the chronological 
ordering prescription (COP) and the variational approach to the calculation 
of the generalized electron transfer rate kernel that is valid in the nonadia- 
batic as well as in the adiabatic limits. 

In Section 11, the model Hamiltonian, Eq. (2. l), for the spectroscopy was 
unitary transformed into Eq. (2.12), to include the system-bath interaction 
precisely. Similarly, it is useful to transform the electron transfer Hamilto- 
nian (4.1) by using the unitary transformation operator, 

The transformed Hamiltonian is given by 
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Ho = Hs + HB 

with 

v=-[ 0 
A exp ( - iF) 

A* exp (iF) 0 

Here the operator F is defined as 

(4.4) 

(4.5) 

The transformed Hamiltonian does not contain the linear system-bath cou- 
pling term; instead, the bare electron exchange matrix element is dressed by 
the bath harmonic oscillators [i.e., A exp(-i$)]. Hereafter the dressed elec- 
tron transfer operator V will be treated as a perturbation Hamiltonian. 
Since it is usually in the strong coupling limit (strong system-bath inter- 
action) so that the thermal average of V over the bath degrees of freedom is 
negligibly small, it will not be necessary to add and subtract the thermal 
average of V from the total Hamiltonian to optimize the perturbational 
approach. 

Before we present the formal derivation of the rate equation it is useful to 
discuss the initial condition of the electron transfer reaction. Usually, the 
initial state is assumed to be a thermal equilibrium state on the donor state. 
However, this is unlikely to be the case if the initial state is created by an 
ultrafast laser pulse, as in a photo-induced electron transfer. A small portion 
of the electronic ground-state population is excited to create the initial state 
on the electron donor (electronic excited state) surface, which has to be a 
nonequilibrium state on the potential energy surface of the donor state. This 
nonequilibrium state then relaxes to a quasi-equilibrium state on the donor 
surface as time progresses. During the relaxation process, continuous leak- 
age of the donor population to the acceptor state occurs. Therefore, the 
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complete description of the photo-induced electron transfer should include 
this nonequilibrium nature of the initial preparation. This was presented by 
one of the authors and Silbey in [35 ] .  They found that the relaxation of the 
initial nonequilibrium state induces a time dependence to the electron trans- 
fer rate kernel. Since in this case, one has to consider the three states- 
electronic ground, electronic excited (or donor) state, and electron acceptor 
states-it was shown that detailed knowledge of the three potential energy 
surfaces in a two-dimensional solvation coordinate system was needed. 
Depending on the relative positions of the three potential energy surfaces, 
the nonequilibrium rate kernel shows nontrivial patterns and strongly devi- 
ates from the exponential decaying kinetics. However, in this review we 
rather focus on the case when the initial state is in equilibrium on the 
donor potential surface, even though it is straightforward to include the 
photo-induced nonequilibrium nature of the initial preparation step. 

There exist two apparently different methods to obtain the reduced equa- 
tions of motion. The first is to utilize the Mori-Zwanzig projection operator 
technique to find the generalized master equation [36,37],  

d P ( t )  dt = I0 d 7 K c ( t  - T ) P ( T )  (4.7) 

where P(t) denotes the time-dependent population vector and Kc(t) is the 
time-dependent rate kernel. Here the subscript C emphasizes that Kc(  t )  was 
obtained by using the chronological ordering prescription (COP) [38,3Y]. 
Note that the differential equation (4.7) involves a convolution integral. 
Thus it is convenient to use the Fourier-Laplace transform to evaluate 
the frequency-dependent populations and take its inverse transform to 
find its time-domain correspondence. In this procedure, one needs to calcu- 
late the frequency-dependent generalized rate kernel. Then the time-depen- 
dent population can be calculated as 

where IF1 denotes the inverse Fourier-Laplace transform and Kc(w) is the 
Fourier-Laplace transform of the rate kernel, K c ( t ) .  The second method is 
to use Kubo’s generalized cumulant expansion to find a generalized master 
equation of the form [40] 

-- dP(t) - K p ( t ) P ( r )  
dt (4.9) 
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where KP( t) is the generalized rate kernel expressed by using the partial 
ordering prescription (POP). The time-dependent population vector is, 
from Eq. (4.9), 

P(t) = exp[/:d7-Kp(T)]P(t = 0) (4.10) 

The two approaches are identical in two limiting cases: (1) when the rate 
kernels are calculated by the second-order perturbation theory in the Mar- 
kovian limit, and (2) when the exact calculation of the rate kernels is per- 
formed by summing the infinite terms. Otherwise, the two approaches result 
in slightly different outcomes. The second procedure (POP) appears to be 
convenient in the calculation of the time-domain quantities, such as the 
calculation of the time-dependent population in the electron transfer reac- 
tion by applying the lowest-order perturbation theory (see Sec. 1V.C). On 
the other hand, we find that the first approach (COP) is useful in studying 
the transition from nonadiabatic to adiabatic rate processes, since the fre- 
quency-dependent rate kernel can be systematically resumed by using the 
variational principle (see Sec. 1V.D) 

A. Generalized Master Equation I: Chronological Ordering Prescription 

The conventional projection operator method has been used extensively to 
obtain the reduced equation of motion after taking the average (or trace in 
quantum mechanical sense) of the density operator over the bath degrees of 
freedom. The Mori-Zwanzig procedure, particularly, gives a generalized 
master equation if the interesting variables are the populations of each 
state of the system. In this subsection we briefly outline the derivation, 
and some numerical calculations are given later. For the sake of simplicity, 
we assume that the electron exchange matrix element is not affected by the 
bath dynamics (i.e., A does not depend on the bath degrees of freedom). 
This is in spirit similar to the classical Condon approximation in the optical 
transition process where the electric dipole matrix element does not depend 
on the nuclear degrees of freedom. 

In general, the rate equations can be obtained by solving the quantum 
Liouville equation 

(4.11) 

where the Liouville operators are defined as commutators, 
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LA = [HET,A] = [Ho,A] + [ V , A ]  

LrJA = [Ho, A] (4.12) 

LVA = [ v, A] 

For the sake of simplicity we shall denote the Liouville space vector by 
I . .)), and the scalar product of two Hilbert space operators, A and B, is 
denoted as 

{(AIB)) = Tr[A+B] (4.13) 

Here the trace is over the complete Hilbert space, including the system and 
the solvent. By following Sparpaglione and Mukamel [41] closely, the Liou- 
ville space projection operator P is defined as 

= l P P d ) ) ( ( @  + IAPu) ) ( (A I  (4.14) 

where the donor and acceptor operators in the Hilbert space are denoted by 
b = jd)(dl and A = la)(al, respectively, and the two density operators as- 
sociated with the donor and the acceptor, pd and p a ,  are, respectively, 

Pd = exp ( - H d  l k b  
Pa = exp(-Ha/kb T)/Tr[exp (-Halkb TI1 

lTr [exp ( - H d  l k b  
(4.15) 

The complementary operator Q is 

Q = l - P  (4.16) 

By using the standard projection operator techniques, the reduced equa- 
tion of motion for the populations (generalized master equation I> can be 
obtained: 

(4.17) 

where the populations of the donor and the acceptor are 

(4.18) 
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The time-dependent rate kernel kda( t )  (/cad( t ) )  describes the transition rate 
from donor(acceptor) to acceptor(donor) as given by 

The generalized master equation (4.17) with the time-dependent rate kernels, 
Eq. (4.19), is formally exact, since the full Liouville operator L instead of Lo 
was used in Eq. (4.19). 

It turns out that the Fourier-Laplace transform of the generalized rate 
equation is useful in the following derivation of the resumed rate kernel. By 
denoting the Fourier-Laplace transform of an arbitrary time-dependent 
functionf(t) as F ( w ) ,  

~ ( w )  = dtexp(iwt)f(t) .I, 
with its inverse transform 

f ( t )  = (27r-l 

the generalized rate equations (4. 

X 

dw exp(-iwt)F(w) 
--oc 

7) can be written as 

(4.20) 

(4.21) 

where P ( w )  and K ( w )  correspond to the Fourier-Laplace transforms of p (  t )  
and k( t ) ,  respectively. Similarly, we define the Liouville space advanced 
Green functions as 

1 
w - L  ~ ( w )  = -ij; dtexp(iwt) exp(-iLt) = - 

(4.23) 
rx 1 

Thus the Fourier-Laplace transform of the rate kernel, for example, Kdn (w), 
is given by 

(4.24) 
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From now on we focus on Kda(w) only, since the calculation of Kad(u) is 
precisely identical to that of Kda(w). Using the formal relation 

Q L  = L~ + Q L ~  (4.25) 

and the operator identity 

1 - 1 
-- 

w - Q L  w-QLO W - Q L  

(4.26) 

one can obtain the formally exact perturbative expansion of the rate kernel 

(4.27) 
n = l  

where the 2nth-order contribution to the rate kernel in Fourier-Laplace 
space is: 

K,") (w) = i((fi 1 [L Go (w) L vGo (w) Q]("- L vGo (w) L v l f i p d ) )  (4.28) 

Note that the terms including odd numbers of actions of the L1 operator; 
vanish, since the diagonal matrix elements are taken, and the contribution, 
K E ) ( w )  is order 2n in the nonadiabatic coupling A. For example, the usual 
second-order Fermi golden-rule expression is the first term in Eq. (4.27), 
that is, 

which is called the nonadiabatic rate kernel throughout this paper. 
The calculation of the time-dependent population evolution is now 

reduced to that of the rate kernel in the Fourier-Laplace space if the 
Mori-Zwanzig projection operator technique is used. There are numerous 
cases where the second-order expression for the rate kernel is quantitatively 
accurate enough to predict the rate. However, there are two important cases 
where the nonadiabatic rate does not correctly represent the reaction rate. 
The first obvious case is when the electron exchange matrix element is 
sufficiently large so that one cannot ignore the higher-order terms in the 
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perturbative expansion of the rate kernel in Eq. (4.27). The second is when 
the bath correlation time is very slow. In this case the solvation of the 
wavepacket created in the product state by the fluctuation in the system- 
bath interaction stays near the transition-state (reactive window or curve- 
crossing) region for a sufficient time. Consequently, multiple recrossings, 
associated with higher-order terms in Eq. (4.27), are likely to occur, and 
eventually the reaction rate becomes independent of the electron exchange 
matrix element. In Section IV.C, Schwinger's stationary variational prin- 
ciple will be used to provide a systematic procedure for obtaining an elec- 
tron transfer rate kernel that is valid from the nonadiabatic to adiabatic 
limits. 

B. Generalized Master Equation 11: Partial Ordering Prescription 

There exists another type of generalized master equation where the rate 
kernel is multiplicative in the differential equation of the population. Its 
derivation starts from the same quantum Liouville equation (4.11). Instead 
of applying the Mori-Zwanzig projection operator technique, by changing 
to the interaction representation with respect to the zeroth Liouville opera- 
tor, Eq. (4.1 1) can be rewritten as 

where 

(4.30) 

(4.31) 

It is again assumed that the initial density operator can be factorized into 
the system and the bath parts; that is, the system and bath are assumed to be 
uncorrelated at time t = 0, 

where 6(0)  and pB(0) are the system and bath density operators, respect- 
ively. Since the dynamics of the system degrees of freedom is our interest, 
the system density operator in time t is determined by 
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where ( . . . ) B  denotes the trace over the bath degrees of freedom. Then the 
formal solution for 6( t )  is given by 

(4.34) 

where exp+{. . .} is the time-ordered exponential operator. Equation (4.34) 
can be expanded in terms of the generalized moments. However, as proven 
by Kubo [40], one can construct an equation of motion of the form 

da(  t )  
dt 

~ = iZ ( t )6 ( t )  (4.35) 

where the generalized rate kernel operator K ( t )  is given by a series summa- 
tion of the cumulant terms. 

k(t) = CiZn(t) 
n 

(4.36) 

Note that k(t) is still an operator of the system degrees of freedom, since 
only the trace over the bath degrees of freedom was taken. Here each 
cumulant term can be related to the generalized moments, for example [39], 

Kl = 0 (4.3 7a) 

(4.37c) 

where 

Here m,(t, T ~ , .  . . , rn-l) is the nonlinear correlation function depending on n 
time variables. The first two terms in the fourth-order contribution to the 
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rate kernel in Eq. (4.374 are called the Markovian term, whereas the last 
two terms are memory terms [42]. Because of the second term in the inte- 
grand of K4(t ) ,  the diverging contribution from the first term cancels when t 
and rl are well separated from r2 and r3. 

Here it should be mentioned that there is a distinct difference between the 
two reduction schemes mentioned briefly above. If one uses the COP to 
calculate the fourth-order rate kernel, it turns out that the fourth-order 
rate kernel is determined by the Markovian terms [the first two terms in 
Eq. (4.37d)l. On the other hand, the POP result for the fourth-order rate 
kernel involves the memory terms [the third and fourth terms in Eq. (4.37d)], 
in addition to the Markovian terms. We next calculate the populations of 
the two states defined as 

where Tisys [. . .] denotes the trace over the system eigenstates. By using the 
exact equation of motion for 6(t) in Eq. (4.35), the time evolution of the 
populations is determined by the linear differential equation (generalized 
master equation IZ) 

-- dP(t) - K(t)P(t) 
dt (4.40) 

where P ( t )  is a column vector whose elements are (pd(t),p,(t)}, and K(t) is 
the 2 x 2 matrix whose elements are given by 

with 

Hereafter we focus on the calculations of the off-diagonal matrix element of 
the generalized rate kernel [K(t)lU which describes the transition rate from 
l j )  to ti) states. The diagonal rate kernels can be calculated directly by using 
the conservation condition, 
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C. Second-Order Rate Kernel: Partial Ordering Prescription 

It has been found that the second-order perturbation result is often quanti- 
tatively accurate enough to describe the electron transfer reaction of a two- 
site system in condensed phases. As discussed above, there are two types of 
generalized master equations. In this section we utilize the POP result, Eq. 
(4.40) with Eq. (4.41). As can be seen in Eq. (4.373), the second-order rate 
kernel, [k2(t)]21, representing the transition rate from the donor to acceptor 
states can be calculated from the two-time correlation function mz(t,  T ~ ) .  

Inserting the definition of L,(t) into Eq. (4.38), we find that the [2,l]th 
matrix element of m2(t. -rl) can be written as 

where the Baker-Hausdorff theorem was used. Here the two auxiliary func- 
tions, P ( t )  and Q ( t ) ,  were defined in Eq. (2.30) by replacing the spectro- 
scopic spectral density, ps(w), with the electron transfer spectral density, 
pET(w). Inserting [m2(t, T ~ ) ] ~ ~  into Eq. (4.37B), one can calculate the 
second-order rate kernel describing the population transfer from ID) to /A) .  

Since the time-correlation function in Eqs. (4.44) is a rapidly decaying 
function in general, one can replace the upper limit of the integral in Eq. 
(4.37b) with an infinity. In this limit, the rate constant can be evaluated by 
invoking the stationary-phase approximation to the integral expression 
(4.37b) so that the Marcus result for the two-site electron transfer can be 
obtained [43,44]. However, since the same results were derived by numerous 
workers, we shall not rederive them here. Instead, we numerically calculate 
the rate kernel by using the spectral density obtained from the spectroscopic 
measurement. 

Recently, Fleming and co-workers [5] measured the three-pulse photon 
echo peak shift of a dye, IR144, in acetonitrile as a function of the second 
delay time between the second and third pulses and found the corresponding 
spectroscopic spectral density representing three distinctive contributions: 
(1) the vibrational coherent part originated from the intramolecular vibra- 
tional mode of IR144, (2) ultrafast solvent inertial component, and (3) the 
slow diffusive motions of the acetonitrile. Consequently, the spectroscopic 
spectral density is given by a mixture of the three contributions. However, 
since the dynamical contributions from the solvent are the only relevant 
information one needs to extract from the spectroscopic spectral density, 
contributions 2 and 3 are only taken into account. The normalized spectral 
density thus obtained is shown in Figure 3. The spike at low frequency 
represents the slowly decaying component in the solvation dynamics, and 
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Figure 3. 
discussion). 

Normalized bare solvent spectral density D ( W )  of acetonitrile (refer to [5 ]  for detailed 

the broad spectrum around 80 cm-' is associated with the fast inertial 
decaying component. Since the shape of the solvent spectral density is 
given in Figure 3, by scaling the magnitude of the spectral density by 
using the reorganization energy measured experimentally or estimated 
from the numerical calculation of rET in Eq. (3.14), the electron transfer 
spectral density can be obtained. 

To provide a quantitative picture, we numerically calculate the second- 
order rate kernel by changing parameters, such as the energy gap between 
the two states and reorganization energies. 

1. Time Dependence of the Rate Kernel 

The time dependence of the rate kernel is shown in Figure 4. When the 
solvent (acetonitrile) spectral density in Figure 3 is used and the solvent 
reorganization energy is assumed to be 300 cm-l (note that the unit of all 
energies is the angular frequency in CK-' throughout this review), the sec- 
ond-order rate kernel reaches its asymptotic value; that is, the second-order 
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Figure 4. Time-dependent second-order rate kernel for electron transfer process of a two-state 
system. The electron transfer spectral density is given in Figure 3. The solvent reorganization 
energy is assumed to be 300 cm-I, and the energy gap between the donor and acceptor states is 
500 cm-l exothermic. The y-axis is in arbitrary units. 

rate constant, in 200 fs at room temperature. The energy gap between the 
two states is assumed to be 500 cmpl exothermic in this calculation. As 
temperature decreases, the rate kernel becomes strongly time dependent. 
Therefore, full knowledge of the spectral density is needed to describe com- 
pletely the time dependence of the rate kernel. At this point it is probably 
appropriate to comment on the appropriateness of using a temperature- 
independent spectral density (i.e., the only influence of temperature is on 
the occupation numbers of the harmonic modes). Nagasawa et al. have 
carried out a study of spectral broadening of IR144 in PMMA glass from 
300 to 30 K, using the three-pulse photon echo peak shift method [6]. They 
find that many aspects-the absorption spectrum, the time dependence of 
the r*(T) ,  and the stimulated echo signals themselves -of the data can be 
described quantitatively with a temperature-dependent spectral density, pro- 
vided that both real and imaginary portions of the line-broadening function 
are used [6]. The one property that is not well described by this approach is 
the temperature dependence of the asymptotic value of the peak shift, 
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T*(  T -+ m). Whether this reflects a breakdown of the harmonic model is 
not. yet clear. 

2. Energy Gap Dependence of the Rate Kernel 

For a given ET spectral density with the reorganization energy 300 cm-', 
the rate constants obtained by replacing the upper limit t with infinity in Eq. 
(4.373), as a function of temperature as well as the energy gap between the 
two states, are calculated and plotted in Figure 5. At room temperature, 
since the frequencies of the bath oscillators are rather low in comparison to 
the thermal frequency (2kBT/h) ,  the classical limit of the rate constant, such 
as Marcus's expression obtained by applying the stationary-phase approx- 
imation to evaluate the integral in Eq. (4.373), is acceptable. Therefore. in 
this high-temperature limit, the Gaussian functional form for the rate con- 
stant with respect to the effective energy gap + X E T  (i.e., Marcus form) 
is an excellent approximation. Furthermore, in this case the solvent reorga- 
nization energy XET is the only parameter representing the effect of the 
fluctuating bath degrees of freedom. However, as temperature is lowered, 
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Energy gap dependence of the two-state electron transfer rate constant. The par- 
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the deviation of the rate constant from the Gaussian form is clearly notice- 
able in Figure 5. The decrease of the rate constant in the normal region is 
much more drastic than that in the inverted region. In contrast, if the 
electron transfer is activationless (around -300 cm-'), the rate constant 
increases as temperature decreases. Since the initial wavepacket on the 
donor potential surface is more localized at the curve-crossing seam at 
low temperature in the activationless case, it is likely that the transition 
from the donor to acceptor states accelerates as the temperature decreases. 
However, in the cases of the normal and inverted regions, the activation 
energy has to be input from the bath. If the temperature is low, the fluctua- 
tion amplitude of the bath degrees of freedom is consequently small so that 
the probability of the initial wavepacket to visit the curve-crossing region 
decreases. Hence the rate constant decreases with decreasing temperature. 
Also, it should be noted that the quantum tunneling process in the inverted 
region plays a crucial role when there exist high-frequency modes [45,46]. 

From the analysis presented above, one can conclude that a full knowl- 
edge of the ET spectral density instead of a single scalar quantity X is needed 
to describe the electron transfer process in condensed phases at low tem- 
perature or when the solvent shows a marked deviation from the classical 
description, such as liquid water. 

D. Transition from Nonadiabatic to Adiabatic Rate Kernel 

In the electron transfer reaction in condensed phases, there are two import- 
ant time scales determining the reaction rate, which are the inverse of the 
electron exchange matrix element and the correlation time of the bath fluc- 
tuation. If the coupling matrix element A is very small, the nonadiabatic 
electron transfer rate (i.e., the Fermi golden-rule expression) is quantita- 
tively acceptable. However, the statement above is not entirely correct in 
general. The reason is because the time scale of the bath is another import- 
ant factor determining the adiabaticity of the reaction rate. If the time scale 
of the bath is sufficiently fast, the wavepacket created in the curve crossing 
(or transition state) region, where the Franck-Condon factor becomes a 
maximum, can be quickly relaxed into an equilibrium state on the potential 
energy surface of the product state. This means that the survival probability 
of the created wavepacket on the transition state region is very small. In this 
case the second-order Fermi golden rule can indeed be useful in calculating 
the reaction rate, and the rate is proportional to the square of the electron 
exchange matrix element. On the other hand, if the bath correlation time is 
very slow, the reaction rate is now determined by the solvation process. 
Consequently, the rate does not depend on the electron exchange matrix 
element. Perhaps Zusman [47] was the first to obtain a theoretical expression 
connecting between the nonadiabatic and adiabatic reaction rate constants. 
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Later numerous workers [4 1,44,48-501 generalized Zusman’s theory, 
although the essential aspects of those results are quite similar. The overall 
electron transfer rate is given by the standard formula 

where k,  and k,, are the adiabatic and nonadiabatic reaction rate constants, 
respectively. In contrast to the nonadiabatic reaction rate, the adiabatic rate 
does not depend on the magnitude of the electron exchange matrix element 
but instead, depends on the relaxation rate (survival time) as 117. One can 
understand this crossover behavior as follows. Suppose that the initial state 
is in thermal equilibrium with the electron donor state. The fluctuation of 
the bath degrees of freedom can create a nuclear wavepacket at the curve- 
crossing region, where the potential energy surfaces are constructed by the 
solvent nuclear degrees of freedom. The second-order action of the coupling 
potential can induce a transition from the donor to the acceptor electronic 
states. If the solvation dynamics on the acceptor state is sufficiently fast (i.e., 
the survival time of the reactive state around the transition state region is 
very short), the rate is determined mainly by the second-order process (i.e., 
the nonadiabatic reaction rate). On the other hand, if the solvation is very 
slow (long survival time of the reactive state around the crossing region), the 
recrossing of the wavepacket back to the donor state (this recrossing process 
is associated with the higher-order terms with respect to A) becomes poss- 
ible, so that the rate-determining process is now the solvation dynamics. 
Consequently, the adiabatic reaction rate is solvent controlled. Sparpaglione 
and Mukamel [41] presented a formal derivation of the generalized rate 
equation by using projection operator techniques. Expanding the general- 
ized rate kernel perturbatively and invoking the static approximation, they 
were able to perform exactly the resummation of the perturbatively 
expanded rate kernel. This is identical to the resummation of the expansion 
of the rate kernel by considering the first two terms, which are the second- 
and fourth-order rate kernels, and using the [ 1 ,O]-Pade approximant, 

(4.45) 

When the zero-frequency component is considered to be the rate constant 
and the characteristic solvent time scale is properly considered, Zusman’s 
result can be obtained from Sparpaglione and Mukamel’s result. 

In the derivation above, the generalized rate kernel was expanded in terms 
of the even-order perturbation terms. We now discuss the resummation of 
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Eq. (4.27) based on the stationary variational principle. From now on, we 
only focus on the rate kernel Kda(w) and omit the subscript da for the sake of 
notational simplicity. 

To rewrite the perturbation expansion of the rate kernel, it is useful to 
define the zeroth-order state IqO(w))) and a new perturbation operator V ( W )  

in the Liouville space as [51]  

The rate kernel in Eq. (4.27) can be rewritten in terms of Ido(w))) and W(W) 

where 

Here the nth-order state vector is naturally defined as above; that is, 
lqil(w))) =: [u(~)]”lq5~(~))). The physical meaning of Eq. (4.48) is that the 
Liouville state vector lx (w)) )  is given by a linear combination of ld,7(w)))’s, 
where the expansion coeflcient of the nth term is given by (A/2n. Therefore, a 
set of { l q 5 n ( ~ ) ) ) }  is a complete basis set in this case, and Liouville space is 
completely spanned by this basis set. 

From the definition of lx(d))), one can find the relation 

which corresponds to the Lippman-Schwinger equation [52] extended to 
Liouville space. We next apply Schwinger’s variational principle to find 
the variational functional K S ( w )  [ 5 1 ] :  

which is assumed to be stationary for small variations of the trial state 
IxT(w))) about lx(w))). This means that the stationary value of K S ( w )  is 
k(w) .  There exist several attempts using variational approaches to calculate 
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the rate constant. Most of them are concerned with the energy of the transi- 
tion state or the position of the dividing surface and utilize the minimum- 
energy variational principle. Unlike those approaches, here the rate kernel 
itself is the objective of the variational procedure instead of the energy. Thus 
this approach is perhaps a more direct way to calculate the rate kernel in 
general. 

We now introduce a trial state vector, IxT(w))), as 

A -  1 

n=O 
(4.51) 

where c, are the variational parameters. Note that the trial state is expressed 
as a linear combination of Idn(u))) (for n = 0 to N - 1): that is, the trial state 
IxT(w))) is expanded in a subspace constructed by I & ( w ) ) )  (for n = 0 to 
N -  1). This type of trial state vector is known as the Cini-Fubini trial 
function [53], where the trial function is given by a linear combination of 
a finite set of I $ n ( ~ ) ) ) ’ ~  instead of infinite basis functions. 

To determine the variational parameters, {c,}, we solve the linear equa- 
tion 

~ K ~ ( N ,  W )  

dci 
= 0 for alli 

and find that the stationary value K S ( N , w )  becomes identical to the 
[ N ,  N - 11 Pade approximants [54]. 

1. One-Dimensional Case ( N  = 1): ( I ,  01 Pad6 Approximant 

First consider the simplest case of all, that is, the case when N = 1. The trial 
function assumes that 

where co is the only variational parameter determined from the stationary 
variational principle. In this case the Cini-Fubini subspace is a one-dimen- 
sional space constructed by l$o(w))). Then one finds that the variationally 
determined stationary value for the rate kernel is 

[K(2)  (u)] 
KS(N = 1 , w )  = 

K(2)(W) - K(4)(w)  
(4.53) 
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Now if we take the zero-frequency components of the perturbative rate 
kernels that are the corresponding rate constants, we recover Eq. (4.45). 
Since the frequency dependence of the rate kernels in Eq. (4.53) is fully 
retained, Eq. (4.53) should be considered as an improved version of Eq. 
(4.45). This result was also obtained by Mukamel and co-workers [41]; 
however, a justification based on the variational principle was not given 
previously. 

2. Frequency- Dependent Transm ission Coeficien t 

One can reinterpret the result, Eq. (4.53), as 

K S ( N  = 1,w) = x"'(w)K,,"(w) (4.54) 

where K,,(w) is the nonadiabatic rate kernel that is equal to the second- 
order Fermi golden-rule expression (4.29), and x( ' ) (w) denotes the fre- 
quency-dependent transmission coefficient calculated in the one-dimensional 
subspace and is defined as 

with 

(4.55) 

(4.56) 

Here T(W) is the frequency-dependent survival time and is related, not iden- 
tical, to the bath correlation time. Note that the transmission coefficient 
x ( ' ) ( w )  < 1 for all frequencies. It is also possible to interpret the factor 
x ( l ) ( w )  as describing the renormalization effect on the coupling matrix ele- 
ment A induced by the higher-order rate contribution and the bath fluctua- 
tion. The product K,,(w)r(w) in Eq. (4.41) is often interpreted as the 
frequency-dependent adiabaticity parameter since if K,,(w)r(w) << 1 for all 
frequencies, the rate is determined completely by the second-order rate pro- 
cess (nonadiabatic limit), whereas if K,za(w).r(w) >> 1 for all frequencies, the 
reaction is governed by the (survival) time T(W) and does not depend on the 
electron exchange matrix element; that is, 

K S ( N  = 1,w) = T- 1 (w) (4.57) 

This is the case of the adiabatic limit and is realized when the solvent bath 
correlation time is very slow, so that the probability of recrossing, more 
precisely multiple actions of the transition operator ~ ( w ) ,  becomes large. 
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3. Time-Dependent Transmission Coeficient and Rate Kernel 

As can be seen in Eq. (4.54), the generalized frequency-dependent rate ker- 
nel is given by a product of the frequency-dependent transmission coefficient 
and the second-order rate kernel. Thus the time-dependent rate kernel is 
given by a convolution, such as 

d T X ( ' ) ( t  - T ) ~ , , ( T )  (4.58) 

where x ( ' ) ( t )  and k,,(t) are the inverse Fourier transforms of x ( w )  and 
K,,(w), respectively. The rate kernel thus obtained is determined by the 
cross correlation between the time-dependent transmission coefficient and 
second-order rate kernel. If the time scale of the second-order rate kernel is 
fast compared to that of the transmission coefficient [i.e., k,, (T) e kn,S(7-)], 
the time dependence of the rate kernel is determined by that of the transmis- 
sion coefficient, so that k s ( t )  M x( ')(t)k, , .  On the other hand, if the time 
scale of the transmission coefficient is much faster than that of the second- 
order rate kernel [i.e., X ( ' ) ( t  - T )  M xo (') 6 ( t  - T)], the rate kernel becomes 

k S ( t )  = &,,(t). 

4 .  Nonadiabatic Limit, x ( ' ) ( w )  = 1 

Next we consider the nonadiabatic limit more in detail. This limit is the case 
when the transmission coefficient x ( ' ) ( w )  is approximately equal to unity. 
The nonadiabatic condition, K,,(w)T(w) << 1, can be met when the electron 
exchange matrix element is very small regardless of the characteristic solvent 
time scale. Usually, the nonadiabatic limit has been assumed in such cases. 
However, there is another possibility satisfying this inequality [i.e., when the 
survival time scale, ~ ( w ) ,  is much shorter than the inverse of the second- 
order rate kernel]. This limit is identical in spirit to the celebrated noninter- 
acting blip approximation [9], where there is no correlation between the two 
consecutive off-diagonal density matrix evolutions (blips) separated by diag- 
onal density matrix evolutions (sojourns). This approximation is applicable 
when the bath correlation time is fast; that is, the memory of the bath 
fluctuation decays very rapidly. These two cases, (1) small A and (2) short 
bath memory (short bath correlation time), are apparently independent of 
each other because the former depends on the intrinsic properties of the 
electron donor and acceptor states, whereas the latter is determined by the 
dynamical aspect of the bath. However, if either condition 1 or 2 is satisfied, 
the rate kernel is determined by the second-order expression ZCP2,(d). Finally, 
we find it interesting to note that based on Schwinger's stationary variational 
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principle, the first-order approximation to the rate kernel is equal to Eq. 
(4.54), not to I&(u). 

To summarize this section, the two-state electron transfer rate kernel 
can be calculated once the corresponding spectral density is obtained 
from a rescaled spectroscopic spectral density measured, for example, 
via the photon echo technique. There appear to be two seemingly differ- 
ent methods for calculating the time evolution of the populations. The 
partial ordering prescription (generalized master equation 11) is found to 
be useful in a time-domain analysis such as the direct calculation of the 
population evolution. On the other hand, the chronological ordering 
prescription approach (generalized master equation I) can be used in a 
calculation of the frequency-dependent rate kernel that is valid from 
nonadiabatic to adiabatic limits. Schwinger’s stationary variational prin- 
ciple was found to be useful for providing a systematic procedure for the 
latter calculation. 

V. THREE-SITE ELECTRON TRANSFER 

For a three-state system, the total Hamiltonian can be rewritten as 

Here the three states are denoted as ID), IB), and IA), respectively. If the 
whole electron transfer system consists of three sites, the initial electron 
donor (final electron acceptor) state ID) (IA)) is the state with the transfer- 
ring electron is localized at the donor (acceptor) site. Likewise the bridge 
state IB) is a state with the electron localized at the bridge site. This model 
Hamiltonian is formally identical to that used in [35] to study nonequili- 
brium photoinduced electron transfer in condensed phases. Two neighbor- 
ing states are coupled by nonzero electron exchange matrix elements, a,, 
and AAB.  Note that the direct coupling between states ID) and JA) is not 
considered in this review. As a specific example, the model Hamiltonian 
given in Eq. (5.1) is appropriate to electron transfer system in the photosyn- 
thetic reaction center. The primary charge separation step has been studied 
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extensively both experimentally and theoretically. This process involves 
the transfer of an electron from the photoexcited special pair, SP*, to 
BPL (bacteriopheophytin-b on the k-branch). Since the center distance 
between SP and BPL is about 17 A, direct coupling between the two 
pigments is usually assumed to be negligible. However the electron trans- 
fer is very fast, occurring in roughly 10 ps or less [55]. There exists an 
accessory bacteriochlorophyll (BCL) between SP and BPL. whose role 
has been extensively debated. Thus the three sites in the photosynthetic 
reaction center can be identified, and the three states, ID), IB), and (A), 
are ISP*, BCL, BPL), /SP'. BCL-. BPL), and ISP'. BCL. BPL-). respect- 
ively. 

It turns out that it is useful to define three spectral densities as 

Since the three states are coupled to a common bath, the spectral distribu- 
tions of the three spectral densities are likely to be very similar. Extending 
the procedure to obtain the electron transfer spectral density in Section 1II.C 
to the three-state system, the three spectral densities can be written in 
factorized forms: 

PBA(W) = ~ B A ~ W )  P C A ( W )  = ~ C A ~ W )  PCB(W) ~ C B ~ W )  (5.3) 

where r B A ,  for example, is given by Eq. (3.14) with replacing the two electric 
fields replaced with those of the /B) and /A) states. Similarly, r C A  and TBC 

are defined as 
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The solvent spectral density O ( W )  can be estimated from nonlinear spectro- 
scopic studies as discussed in Sections I1 and 111. Therefore, the three spec- 
tral densities are completely specifiable. 

A. Two-Dimensional Solvation Coordinate System 

Although the general model Hamiltonian in Eq. (5.1) shows that the 
potential surfaces of the three states are truly multidimensional, it is 
possible to reduce the description to a two-dimensional solvation co- 
ordinate system. In case of two-state problems, such as a two-state 
chromophore or a two-state electron transfer system in the condensed 
phases, a one-dimensional solvation coordinate (e.g., a single collective 
mode described by a Brownian oscillator) is sufficient to describe the 
system-bath interaction (i.e., one can find a reduced description invol- 
ving a single solvation coordinate). As shown in the Appendix, this 
approach is exactly identical to the effective harmonic bath model used 
in Sections I1 and IV. Similarly, one can start with two collective 
modes (i.e., two Brownian oscillator) and show that the system-bath 
interaction can be rewritten in terms of an effective harmonic bath 
oscillators in Eq. (5.1) [2]. As a consequence, the three spectral den- 
sities are not entirely independent. More specifically, the three reorga- 
nization energies associated with the three spectral densities obey the 
following relationship: 

where the three reorganization energies are defined by Eq. (2.10) with the 
proper spectral densities given in Eqs. (5.3). Equation (5.5) means that each 
reorganization energy is associated with the square distance of one of side of 
a triangle (see Figure 6). Here Q represents the dimensionality parameter that 
is the angle shown in Figure 6. (Refer to [35] for detailed discussion on the 
two-dimensional nature of the solvation coordinate system for a three-state 
electron transfer in condensed phase.) 

B. Transformed Three-State ET Hamiltonian 

As shown earlier in this review, it is convenient to transform the effective 
harmonic bath Hamiltonian (5.1) by using the unitary transformation 
operator 
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Figure 6. 
tron transfer system. 0 denotes the dimensionality parameter. 

Triangle relationship among the three reorganization energies in a three-state elec- 

Then the transformed Hamiltonian becomes 

H '  = UHU-' = Ho + V and 

where 

I 0 A A B  exp(-iF) 0 

0 A,, exp (iG) 0 

0 A,, exp (- iG) 

with 
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In comparison to the Hamiltonian given in Eq. (5.l), the coupling matrix 
whose elements are A,, and AAB are dressed by the bath harmonic oscilla- 
tors to give V in Eq. (5.8). The interaction Hamiltonian V is again consid- 
ered to be a perturbational one. 

C. General Fourth-Order Rate Kernel 

To estimate the fourth-order contribution to the generalized rate kernel, the 
four-time correlation function must be evaluated. From the definition of 
m4(t; T~ , r2? T ~ )  in Eq. (4.42), the [i,j]th matrix element of m4(t: T ~ ,  r2: T ~ )  

can be rewritten as 

where 

Here the interaction representation was used, 

- 
V (  T )  E exp ( iffo T )  V exp( - iffo T )  (5.12) 

Substituting the interaction Hamiltonian in the interaction representation 
and using Baker-Hausdorff operator equality three times, one can calculate 
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the fourth-order nonlinear correlation functions given above. For example, 
to calculate the direct transfer rate kernel from ID) to /A) [i.e., the [3,l]th 
matrix element of K4(t)], only the first threekrms in Eq. (5.10) are needed, 

since the matrix elements such as Vii) and Vi;) are all zero. In contrast, to 
calculate the fourth-order rate kernels, [K4(t)liJ for Ii -jl = 1, the last four 
terms in Eq. (5.10) have to be taken into account. 

D. Superexchange Rate Kernel, [K4(t)]31 

Here we especially focus on the calculation of the rate kernel, [K4(t)]31, 
which describes the transfer rate from ID) to /A) directly. Although the 
coupling matrix element between ID) and 1A) is zero, because the process 
has a finite rate the bridge state JB) acts as a virtual state for the coherent 
transfer from the initial electron donor state to the final acceptor state or as 
an intermediate state for the sequential electron transfer process. Inserting 
the interaction Hamiltonian into the nonlinear correlation function (5.10) 
gives 

with 
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where the interaction representations of the two operators, F ( t )  and G ( t ) ,  
were defined in Eq. (5.9). Here the three auxiliary functions, Fnz( t ,  T~ ~ r2, r3), 
for m = I, 11, 111, are defined as 

L L 

(5.15) 

Here the three sets of time arguments, such as T12, are different for each 
nonlinear correlation function and listed in Table I. 

The three contributions in Eq. (5.13) have interesting physical meanings 
as discussed by Hu and Mukamel. The first contribution corresponds to the 
case when, during the three time periods t - rl. 7-1 - r2, and r2 - r3, the 
system evolves in electronic coherence states. In contrast, the second and 
third contributions involve population periods in the /B)  state during 
T~ - r2. Therefore, the last two contributions, when they are integrated, as 
can be seen in Eq. (4.374, diverge as t increases; more specifically, they 
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TABLE I 
Time Arguments Associated with the Three Nonlinear Correlation Fucntions 

Case T12 T13 T14 T23 T24 T34  

I 7 3  - 7 2  7 3  - t 7 3  - 71 7.2 - t 7 2  - 71 t - 7 1  

I1 73 - 71 7 3  - t r3 - 7 2  7, - t r, - 7 2  t - 7 2  

I11 7 2  - 71 7 2  - t 7 2  - 7 3  71 - t 71 - 7 3  t - 7 3  

increase linearly with respect to t asymptotically. However, because of the 
second term in Eq. (4.374, which is also linearly increasing function with 
respect to t ,  the divergence is canceled. 

We now make a comparison with work reported previously in this area. 
The coherent electron transfer mechanism, where the bridge state is merely 
treated as a virtual state donating a nonzero effective coupling matrix ele- 
ment, was discussed by McConnel [56] and Marcus [57] by effectively elim- 
inating the /B)-state from the Hamiltonian with Lowdin’s partitioning 
technique. Then the electron is transferred from ID) to IA) directly with a 
nonzero effective matrix element determined by the energy gap between ID) 
and IB) as well as the two coupling matrix elements. In this case the fluctua- 
tion of the /B)  state was neglected completely. The coherent process is the 
dominant mechanism for the ultrafast electron transfer in the three-state 
system, when the bridge state IB) is a very high-lying state in comparison 
to those of the donor and acceptor states. In this limit, one can rederive the 
well-known result for the coherent rate constant by ( I )  taking the first term 
in Eq. (5.13) and neglecting all the other terms in Eq. (4.374, (2) ignoring 
the coupling between the 1B) state and the bath oscillators (i.e., putting 
a,  = 0 for all a) ,  and (3) applying the stationary-phase approximation to 
the integrations over the two time periods t - and 772 - 7j. However, as 
the energy of the IB) state is lowered and becomes comparable to the energy 
of the donor and acceptor states, the sequential process is also likely to 
contribute to the electron transfer reaction. In this case the transient popu- 
lation contribution, which originates from the combination of the last two 
terms in Eq. (5.13) and the second term in Eq. (4.37b), should be taken into 
account. In contrast to the common belief that the nuclear relaxation on the 
bridge surface is fast enough that it is possible to ignore the coupling 
between the bridge state and bath degrees of freedom, since the time scale 
of the bath is on the order of hundreds of femtoseconds, the transient 
population contribution timescale is of the same order. Therefore, if the 
electron transfer is ultrafast, it is necessary to fully include the transient 
population contribution in addition to the coherent contribution. The latter 
two terms, called the memory terms, in Eq. (4.374 are rather short-lived 
contributions since the time ordering are not fully retained. 
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Figure 7. 
shown. o(u) x (1/d) exp(-~ /50) .  

Model spectral density used in the calculation of the three-state electron transfer is 

To provide a quantitative picture of the superexchange rate kernel, some 
numerical calculations for a model system are given in the following. The 
spectral density is assumed to be (Fig. 7) 

a(w) cx (l/u)exp(-w/50) 

where the unit of frequency is cm-’ (angular frequency). In Figure 8 the 
time-dependent superexchange rate kernel, [K4( t ) ]31 ,  is shown as a solid 
curve denoted as “total”. Note that the rate kernel is strongly time depen- 
dent and does not reach its asymptotic value by 1 ps. The reason for the slow 
variation can be seen by examining the transient population contribution 
shown in Figure 9. On the other hand, the coherent contribution [the first 
term in Eq (5.13)] shown in Figure 9 quickly reaches its asymptotic value. 
The Markovian terms, obtained by combining the first two contributions in 
Eq. (4.374, are drawn in both Figures 8 and 9. As discussed briefly, the 
memory terms are time dependent only for a short period of time and then 
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Figure 8. Time-dependent superexchange rate kernel shown as the curve denoted as “total.” 
Markovian and memory terms are separately drawn (see the text for detailed discussion on the 
separation of the total rate kernel into Markovian and memory terms). The y-axis is in arbitrary 
unit. The three independent reorganization energies are X B ~  = ?OOcm-’; XAD = 500cm-’, and 
XAB = 1348 cm-’ , In this case the dimensionality parameter 0 is equal to 25.5”. The three energy 
gaps are E~~ = 400cm-’, E~~ = -700cm-’, and E A ~  = E~~ - i g ~  = - 1 1 0 0 c r f ’ .  Note that 
this case is not one-dimensional so that the two-dimensional potential energy surfaces should be 
considered. 

reach their limiting values. Overall, the superexchange rate kernel is a rather 
slowly varying function with respect to time, in comparison to the second- 
order rate kernel discussed in Section 1V.C. Consequently, it may be necess- 
ary when interpreting ultrafast electron transfer among three states, such as 
the primary charge separation in the photosynthetic reaction center, to 
consider this source of nonexponentiality. Since the time scale of the rate 
kernel is quite comparable to that of the electron transfer, the time-depen- 
dent rate kernel, instead of the asymptotic value, the superexchange rate 
constant, should be used to describe the population evolution. To take this 
work further, the next step would be to calculate all the rate kernel matrix 
elements up to fourth order with respect to the coupling Hamiltonian V in 
Eq. (5.8). 
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Figure 9. The Markovian terms are separated into contributions from the population pathway 
and coherent pathway. The former involves a population evolution period, whereas the latter 
involves three consecutive coherent state evolutions. The y-axis is in arbitrary unit. 

VI. CONCLUSIONS 

In this chapter we presented a systematic procedure for calculating the 
electron transfer rate kernels for two- and three-state systems by using linear 
and nonlinear spectroscopic measurements. We showed that the solvent 
spectral density plays a crucial role in the connection between spectroscopic 
observations and electron transfer processes in a common condensed ined- 
ium. In cases when the electron transfer rate is ultrafast, when the tempera- 
ture is sufficient low, or when the spectral density contains high-frequency 
contributions, the complete spectral density representing the dynamical 
aspect of the condensed phases should be used to describe the electron 
transfer processes properly. 

APPENDIX 

In this appendix we establish the equality between the multimode Brownian 
oscillator model and the effective harmonic bath model. In general, the two 
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models may not be identical to each other since the generalized Langevin 
equation can be formally obtained from an arbitrary system-bath inter- 
action. For example, as CortCs et al. [%] showed, the generalized Langevin 
equation of motion can be obtained even when the system-bath coupling is 
nonlinear. However, in this case, the well-known fluctuation-dissipation 
relation takes a different form. Therefore, the standard microscopic model 
to obtain a generalized Langevin equation is to assume that the system-bath 
coupling potential is bilinear with respect to the system and bath oscillator 
coordinates. This model was taken by Tanimura and Mukamel [59] to 
develop the multimode Brownian oscillator model to investigate the role 
of the system-bath interaction in spectroscopic line-broadening phenomena 
in condensed phases. We start with the standard model of the multimode 
Brownian oscillator model, and by following the normal-mode transforma- 
tion procedure first used by Garg et al. [50], the equality of the Brownian 
oscillator model to the effective harmonic bath model will be derived. 

We consider the multimode Brownian oscillator model Hamiltonian 

where the two Hamiltonians associated with the ground and excited states 
are 

Here E~ and E, are the electronic energies of the ground and excited states, 
respectively. Qm and P, are the optically active harmonic-mode coordinate 
and its conjugate momentum operators. It is assumed that there are N, 
optically active Brownian oscillators. Note that the excited-state nuclear 
Hamiltonian is just a displaced harmonic oscillator, which is the reason 
why these modes are optically active. Now the system-bath interaction 
Hamiltonian is assumed to be 
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where c,, denotes the coupling constant between the nth Brownian oscilla- 
tor and the aith bath oscillator coordinates. 

Hereafter we focus on the case of a single Brownian oscillator coupled to 
a set of bath harmonic oscillators, even though it is straightforward to 
proceed with an arbitrary number of Brownian oscillators. Let Q and P 
denote the coordinate and momentum operators of the Brownian oscillator, 
and Qo is the displacement of the BO on the excited-state potential energy 
surface. The classical reorganization energy is X = iMf12Qi.  Now the 
ground-state nuclear Hamiltonian is a coupled harmonic oscillator system, 
where only one harmonic oscillator is optically active and all the other ones 
are not. The generalized Langevin equation can be derived directly from the 
Hamiltonian in Eqs. (A. 1) to (A.3) by obtaining the Heisenberg equations of 
motion for the annihilation (or creation) operators for the system and bath 
oscillator: 

ic, d, = -iw,b, + (a+ + 0 )  
2 J K  

where the renormalized frequency of the Brownian oscillator is 

Calculating the formal integration of the annihilation operator of the bath 
oscillator and its Hermitian conjugate and using integration by parts, we 
find the generalized Langevin equation, 

2 

u + iuoa - - I (a' + a )  + i j :d7K(t - T ) [ ~ ' ( T )  + b(7)] = iR( t )  

where the time-dependent kernel and forcing operator are, respectively, 

1 

cos w, ( t  - 7) 
1 c;Y K ( t  - 7) = - Muo 2m,w2, 
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One can prove the quantum fluctuation-dissipation relation between the 
dissipative kernel and the symmetrized correlation function of R( t )  (see 
[59]). Perhaps a more familiar form of the generalized Langevin equation 
is one involving the time derivative of the kinematic momentum operator. 
From the definition of the momentum and coordinate operators in terms of 
the creation and annihilation operators, it is straightforward to derive the 
following operator differential equation; 

where the damping kernel and the fluctuating force operator are, respect- 
ively, given by 

f ( t )  = py ---{F+(l) + F ( t ) }  

Here the spectral density associated with the damping process of a Brownian 
oscillator (BO) is defined as 

(A.lO) 

Then the fluctuation-dissipation relation takes the form 

PAW ( f ( t ) f ( ~ )  + f ( ~ ) f ( t ) )  h dwJBo(u)  coth - cosw(t - 7 )  (A. l l )  .i 2 

So far we showed that the harmonic oscillator Q coupled linearly to a set of 
bath harmonic oscillators obeys a generalized Langevin equation and its 
dynamics is specified completely by the spectral density defined in Eq. 
(A.lO). We next prove that the effective harmonic bath model is identical 
to the Brownian oscillator model presented above. 

As shown by Garg, Ambegaokar, and Onuchic, the normal model trans- 
formation can be applied to the Hamiltonian in Eq. (A.3) since it contains 
quadratic terms only. Assuming that the unitary matrix U diagonalizes the 
Hamiltonian, one can find a set of normal coordinates {x,} for a: = 1 to 
N +  1, 
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(A.12) 

where 4 = { Q .  q l ,  q2..  , , . q.v}. Then the total nuclear Hamiltonians of the 
ground and excited states are 

where the transformed coupling constants are d, = MR2Q0Ula. Here 6 
and W, are the transformed mass and frequency of the cvth normal mode. 
Note that the excited-state Hamiltonian consists of ( N  + 1)-displaced har- 
monic oscillators. This can be rewritten as the effective harmonic bath model 
in Eq. (A.13) and proves the equality between the two models. We further 
consider the interconnection between the spectral density associated with the 
effective harmonic bath (HB) model, 

(A.14) 

Next the linear response functions obtained from the two models pre- 
sented above are considered. The fluctuating parts of the energy difference 
operator for the Brownian oscillator and effective harmonic oscillator bath 
models are, respectively, 

w B ( t )  = M Q * Q ~ Q ( ~ )  (A.15) 

(A.16) 

Inserting Eqs. (A.16) into the definition of the linear response function in 
Eq. (2.5), one can find two response functions based on the two models. 
Since the two models should provide the same response functions, it is 
possible to find the equality 

J H B ( L ~ ‘ )  = Im 

1 
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where the fact that the classical reorganization energy X of iMQ2Qi was 
used. Equation (A. 17) provides the microscopic relationship between the 
two spectral densities associated with the two models. If it is assumed that 
the spectral density for the Brownian oscillator model, JBO(W),  has the 
following three properties: (1) J B 0 ( w ) / w  has no singularity, (2) J B O ( W )  is 
exponentially cut off like J B O ( w )  = g(w) exp(-w/A), and (3) g(w) /w is an 
even function with respect to w. Then the integral in the square brackets of 
Eq. (A.17) can be evaluated by using the residue theorem, and we find 

This equality between the two spectral densities was obtained by several 
workers, although they took a bit different route. Note that once the spectral 
density of the Brownian oscillator, J B O ( u ) ,  with its mass ( M ) ,  frequency (Q), 
and displacement (Qo), is specified, it is possible to calculate the spectral 
density of the harmonic bath model. However, the reverse procedure is not 
in general unique, since a single function JHB(w) can correspond to an 
infinite number of Brownian oscillators depending on the three parameters 
mass ( M ) ,  frequency (Q), and displacement (Qo). Therefore, it is concluded 
that if there are no readily identifiable Brownian oscillators in the composite 
system, which can be identified without ambiguity, the effective harmonic 
bath model should be considered to be more convenient not only for the 
practical calculations but also for the conceptual understanding. It is worth- 
while mentioning that the latter model does not need to introduce any 
abstract (Brownian) oscillator that does not exist in reality; instead, it 
assumes a collection of displaced harmonic modes with a properly defined 
spectral density carrying most of the dynamical information of the system- 
bath interaction. 
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